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Abstract
We propose a new theoretical approach for a cosmological model, which starts from an exponential of the trace of
the energy-momentum tensor-dependence on the gravitational action, to be summed to the Ricci scalar. We derive the
referred field equations and Friedmann-like equations. We derive the scale factor, Hubble parameter and deceleration
parameter, in terms of both time and redshift. In possession of those parameters in terms of the redshift, we confront
their predictions with observational Hubble dataset and the outcomes are pretty satisfactory, so that the model can be
seen as a new alternative to the cosmological constant problem. We also present the statefinder diagnostic and discuss
profoundly the dynamical behaviour of the model.
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1. Introduction
The greatest mystery of Physics nowadays is the
cause of the acceleration of the expansion of the
universe. The expansion of the universe, discovered
by E. Hubble in 1929 [1], was expected to be slowing
down due to the attractive feature of the force of
gravity. However, at the end of the 20th century, the
measuring of the brightness of distant supernovae Ia
[2, 3] shown that the expansion is, in fact, speeding
up. Approximately 20 years later, what causes this
acceleration remains unknown.
While the standard cosmological model, named
ΛCDM model, for which Λ represents the cosmological
constant and CDM stands for cold dark matter, indeed
provides a great fit with observations [4], there is
a strong shortcoming in what concerns the physical
interpretation of the cosmological constant [5]-[7].
Neither have dark matter particles been detected [8, 9].
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Since ΛCDM model is based on Einstein’s General
Theory of Relativity [10], theoretical physicists have
been trying to solve the above issues by extending
General Relativity. The idea is that some new degrees
of freedom of extended theories of gravity could play
the role of the dark sector. In fact, some extra terms in
the field equations of extended gravity theories [11, 12]
indeed can describe the dark energy and matter effects
simply as correction terms to General Relativity.
The dark energy and matter dynamical effects have
been obtained within extended gravity theories as
one can check References [13, 14] and [15, 16],
respectively. Naturally, those theories may also have
some shortcomings. For instance, solar system tests
have ruled out most of the f (R) models proposed so far
[17, 18], for which f (R) means a general function of the
Ricci scalar, to replace R in the usual Einstein-Hilbert
action.
Our proposal herewith in the present letter is to
approach the acceleration of the universe expansion
in an extended gravitational theory that allows the
generalization of the material sector of General
Relativity field equations, rather than their geometrical
sector.
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We are going to replace R in the Einstein-Hilbert
gravitational action by R + f (T ) [24], with T
representing the trace of the energy-momentum tensor.
The T -dependence in a gravitational theory is related
to the description of some quantum effects (conformal
anomaly) (check Reference [24]), as we are going to
revisit later on. It is also motivated by the possible
existence of imperfect fluids in the universe. In fact,
when putting f (T ) in the gravitational action, the
field equations of the model can be cast in terms
of an effective energy-momentum tensor whose extra
terms are related to imperfections such as anisotropy,
viscosity, elasticity etc.
The function f (T ) is, in principle, arbitrary, as the
f (R) function in the f (R) gravity case. We are going
to suppose here an exponential dependence for T as
f (T ) ∼ eχT , with χ being a free parameter. Such an
assumption is somehow motivated by exponential f (R)
gravity [20]. Anyhow, the assumption of dynamical
fields exponentially entering the gravitational action is
not an exclusivity of the exponential f (R) gravity. In
[21], a scalar field playing the role of dark energy was
exponentially coupled to the Ricci scalar. Moreover, in
[22], it was proposed the substitution of R by Λe
R+L
Λ
in the gravitational action, with L being the matter
lagrangian.
Our letter is organized as follows: in Sections
2 and 3 we present the eT gravity and cosmology
formalisms, respectively. In Section 4 we confront the
theoretical predictions of our model with observational
data on cosmology. We also compare our results with
other cosmological models. In Section 5 we present
the statefinder diagnostic of our model. In Section
6 the dynamical behaviour of the eT cosmology is
further discussed. Our final remarks and discussion are
presented in Section 7.
2. eT gravity
The field equations of eT gravity will be obtained
from the variation of the action
S =
∫
d4x
√−g
(
R + γeχT
16pi
+ L
)
, (1)
with g being the metric determinant, γ a constant and
natural units are assumed. Such a variation with respect
to the metric gµν yields
Gµν = 8piT effµν , (2)
with
T effµν = Tµν +
γeχT
8pi
[gµν
2
+ χ(Tµν + pgµν)
]
, (3)
with Tµν being the usual energy-momentum tensor of
matter and p the pressure.
The covariant derivative of the usual matter energy-
momentum tensor in (3) reads
∇µTµν = − γχe
χT
8pi + γχeχT
[
χ(Tµν + pgµν)∇µT + ∇µ
(T
2
+ p
)
gµν
]
.
(4)
From (4) it can be seen that the energy-momentum
tensor is not conserved in the present formalism. Such
a feature can also be seen in other models [22]-[25]. It
has been shown that it can be related to a process of
particles creation [26, 27].
Furthermore, from a completely different approach,
in the cosmological models proposed in [28]-[30], the
mechanism behind the acceleration of the universe
expansion is exactly the production of particles.
3. eT cosmology
We are going to insert now the well-known
Friedmann-Lemaıˆtre-Robertson-Walker metric [31]-
[35], which describes an isotropic and homogeneous
universe, in Eqs.(2)-(4), in order to get the eT
cosmological scenario. We are also going to assume
null curvature for the spatial sector of the space-
time, in accordance with observations of fluctuations
of temperature in the cosmic microwave background
radiation [4].
In parallel, we will consider the energy-momentum
tensor of a perfect fluid. Also, in what concerns
the material content of the universe in the present
formalism, we desire to check if it is possible to
describe the acceleration of the universe expansion as
a consequence of the correction terms of the present
gravitational model rather than as due to the presence
of some exotic fluid such as dark energy permeating the
universe. Therefore we should assume p = 0 in the
dynamical equations. This is equivalent to say that dust
is presently the dominant component of the universe
dynamics.
The above proceeding yields
3H2 = 8piρ + γeχρ
(
1
2
+ χρ
)
, (5)
−2H˙ = (8pi + γχeχρ)ρ (6)
2
and
ρ˙
[
γχeχρ
8pi + γχeχρ
(
1
2
+ χρ
)
+ 1
]
+ 3Hρ = 0. (7)
In Eqs.(5)-(7) above, H = a˙/a is the Hubble parameter,
a is the scale factor, which dictates how distances evolve
in the universe, and dots represent time derivatives.
Moreover, it is important to notice that the usual
Friedmann equations for pressureless matter (in the
absence of the cosmological constant) are retrieved by
taking γ = 0.
From Equations (5) and (6) we get
ρ = log
(2H
γ
) 1
χ
, (8)
ρ˙ =
2(H¨ + 3HH˙)
χH , (9)
in which it was definedH ≡ 2H˙ + 3H2.
Using Equation (8) in Equation (7) we obtain
2γ(H¨+3H˙H)
1 + 2χH
2
[
1
2 + log
(
2H
γ
)]
8pi + 2χH
+3 log(2H2)H = 0.
(10)
The above equation has a solution for the condition
H > 0, (11)
which is
a(t) = βt
2
3 eαt, (12)
with α and β being integrating constants.
The referred Hubble and deceleration parameters,
with the latter defined as q = −a¨a/a˙2, such that negative
values indicate an accelerated expansion, are
H(t) = α +
2
3t
, (13)
q(t) =
−3αt(4 + 3αt) + 2
(2 + 3αt)2
. (14)
A quick analysis of (14), such as the calculation of its
limit for high values of time, yields limt→∞ q = −1,
indicating a de Sitter-like universe at late time.
In order to confront our results with observations, it
is convenient to rewrite the cosmological parameters in
terms of the redshift z rather than in terms of the time.
To do so, we use a(t) = a01+z , with the present value of
the scale factor a0 = 1. We obtain for the time-redshift
relation:
t =
2
3α
W
{
3α
2
1
[β(1 + z)]3/2
}
, (15)
whereW denotes the Lambert function, also known as
“product logarithm”. For the sake of simplicity, we will
take, from now on, Γ ≡ 3α2 1[β(1+z)]3/2 .
Eqs.(13) and (14) now read
H(z) = α
[
1 +
1
W(Γ)
]
, (16)
q(z) =
1
2
1 − 2W(Γ)[2 +W(Γ)]
[1 +W(Γ)]2 . (17)
4. Confrontation with Hubble data
In this section, we put constrains on the model
parameters α and β of the presented model in view of
the observational Hubble dataset (OHD) H(z).
We consider the OHD containing 28 data points
of H in the redshift range 0.100 6 z 6 2.3 with
the corresponding standard deviations σH . Those are
obtained by the differential age techniques applied to
evolving galaxies [36]-[42]. We take the present value
of the Hubble parameter as H0 = 67.8Km/s/Mpc as
suggested by Planck satellite results [43], to complete
the dataset. In the calculation of H(z) dataset, the mean
values of the model parameters α and β are determined
by minimizing
χ2OHD(ps) =
28∑
i=1
[Hth(ps; zi) − Hobs(zi)]2
σ2H(zi)
, (18)
where ps denotes the parameters of the model to be
constrained, Hth denotes the theoretical (model based)
values of the Hubble parameter, Hobs signifies the
observed values of the Hubble parameter and σH(zi)
is the standard error in each observed value. The
summation runs over 28 observational data points at
redshifts zi together with the H0 value.
The likelihood contours in the α − β plane with 1σ,
2σ and 3σ errors are obtained for our model as shown
in Fig.1. The best fit values of α and β come out to
be α = 0.31006 and β = 0.75461, with minimum
χ2 = 20.9546.
The Hubble data with error bars can be seen in Fig.2
together with the curves of the ΛCDM and eT models.
The figure clearly shows a nice fit to the OHD for the eT
model with α = 0.31006 and β = 0.75461.
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Figure 1: Plots for 1σ (blue shaded), 2σ (green shaded) and 3σ
(yellow shaded) likelihood contours in the α-β plane for the eT
cosmological model.
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Figure 2: 28 points of H(z) dataset with error bars along with the
present model (solid red line) and ΛCDM model (black dashed line).
5. Statefinder diagnostic
The necessity of considering more general dark
energy models than the standard one together with the
increasing in the accuracy of cosmological observations
has led V. Sahni and collaborators to introduce a
cosmological diagnostic pair, namely statefinder pair
{r, s} [44, 45]. Those are constructed from the scale
factor and its derivatives up to the third order and read
r =
...
a
aH3
, (19)
s =
1
3
−1 + r
− 12 + q
, (20)
where q , 12 .
A very useful way of comparing and distinguishing
different cosmological models, that have similar
kinematics, is to plot the evolution trajectories of the
q − r and r − s pairs.
For our model, the pair r, s reads
r = 2
4 + 9αt[−1 + αt(2 + αt)]
(2 + 3αt)3
, (21)
s =
4
8 + 9αt(2 + αt)
. (22)
We observe the trajectories of the hybrid scale factor
obtained in our model in Figs.3-4, in which the values
of α and β were chosen in accordance to the previous
section results. They follow a pattern similar to that of
power law cosmology. The trajectories in s − r plane
in the power law cosmology (see Ref.[46]) start from
SCDM (standard cold dark matter (Λ = 0)) point and
follows up the ΛCDM model while this hybrid model
is deviated from the SCDM and follows up the ΛCDM
model. Similarly, the trajectories in the q − r plane can
be seen and compared with the power law cosmology.
6. Dynamical behaviour of the model
Here, we shall discuss the dynamical behaviour of
the eT model through graphical representation of the
cosmological parameters and their evolution in redshift.
In Fig.5 we present the scale factor in terms of
redshift for the eT cosmology. Once again, the values
taken for the parameters α and β are in accordance with
the Hubble data test.
Now we will discuss a very important and crucial
phenomenon in the evolution of the universe, namely
“phase transition”, which means when the universe
changes from a decelerating phase of expansion to an
accelerating one.
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Figure 3: Variation of s vs. r for the eT cosmological model with
α = 0.31006 and β = 0.75461.
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Figure 4: Variation of q vs. r for the eT cosmological model with
α = 0.31006 and β = 0.75461. “dS” stands for de Sitter universe.
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Figure 5: Scale factor vs. redshift, with α = 0.31006 and β = 0.75461.
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Figure 6: Deceleration parameter vs. redshift, with α = 0.31006 and
β = 0.75461.
In our model, the Universe indeed shows the
characteristic of phase transition for the constrained
values of α and β. We show the evolution of the
deceleration parameter versus redshift in Fig.6.
From Fig.6, one can observe that the phase transition
from deceleration to acceleration occurs at zt = 0.8526.
zt for our model is in good agreement with the value
predicted in [47]-[49]. Moreover, we can calculate the
present value of the deceleration parameter as q0 =
−0.28818, in agreement with some recent constraints
put on q0 [50].
7. Discussion
The cosmological constant problem is nowadays
within the greatest observational issues of Physics. Λ
still lacks a physical interpretation that could agree with
its value inferred from cosmological observations.
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An interesting form to alleviate the cosmological
constant issue is by considering the cosmological
“constant” as varying in time, as one can check, for
instance, Ref.[51]. Besides changing the gravitational
aspects of gravity, as deeply mentioned in Section 1,
one can also infer the cosmic acceleration by assuming
the Universe is filled by some fluid that respects, for
instance, the Chaplygin gas equation of state [52]-
[56]. This is also an alternative to describe cosmic
acceleration with no cosmological constant, and in fact,
can even provide an unified alternative to dark energy
and dark matter.
In the present letter we approached the cosmic
acceleration through an extended theory of gravity that
allows the inception of material terms dependent on T in
the gravitational action. Particularly, and as a novelty in
the literature, we considered an exponential dependence
for the trace of the energy-momentum tensor.
We have used the Hubble data obtained by different
age techniques applied to evolving galaxies and
constrained the model parameters α and β in our model
as α = 0.31006 and β = 0.75461, with minimum
χ2 = 20.9546 based on Bayesian statistics. Also, we
have obtained the likelihood contours at 1σ, 2σ and 3σ
confidence levels using the OHD as shown in the α − β
plane of Fig.1. We have compared our model with the
ΛCDM model. We found that our model is fitting well
the OHD with the constrained values of α and β and
does not deviate significantly from ΛCDM (see Fig.2),
though for higher values of redshift the present model
clearly presents a better adjust with observations.
The statefinder diagnostic, which was here obtained
for the eT cosmology, is generally used to compare
various dark energy models and their deviations from
ΛCDM and SCDM models. We have shown the
time and redshift evolutions of various cosmological
parameters. We have demonstrated the phase transition
redshift through graphical representation (Fig.6). All
of these features elevate the eT cosmology to the
level of an important alternative to describe the cosmic
acceleration with no need of a cosmological constant.
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